Abstract. We prove that C 2 generic hyperbolic Mañé sets contain a periodic orbit.
defines the Lagrangian flow ϕ t on T M . The Mañé set N (L) is invariant under the Lagrangian flow. We say that N (L) is hyperbolic if there are sub-bundles E s , E u of T (T M )| N (L) and T 0 > 0 such that
Fix a Tonelli Lagrangian L 0 . Let 
We will prove
Theorem A. The set P 2 (L 0 ) is dense in H 2 (L 0 ).
In [10] we proved that if Γ ⊂ N (L) is a periodic orbit, adding a potential φ 0 ≥ 0 which is locally of the form φ 0 (x) = ε d(x, π(Γ)) 2 The proof of Theorem A follows the lines of our proof [7] of the corresponding conjecture in Ergodic Optimization. As such it is supported on the work by G. C. Yuan and B. R. Hunt [25] , X. Bressaud and A. Quas [5] , I. Morris [20] and A. Quas and J. Siefken [21] .
For possible applications we want to remark that all the perturbing potentials in this paper are locally of the form φ(x) = ε d(x, π(Γ)) k , k ≥ 2, where Γ is a suitably chosen periodic orbit of the Lagrangian flow nearby the Mañé set.
Generic hyperbolic Mañé sets have zero entropy.
We begin by proving the following analogous of a Theorem by I. Morris [20] :
Theorem E. If L 0 is a Tonelli lagrangian and k ≥ 2, the set
has zero topological entropy } contains a residual subset of H k (L 0 ).
In this section we will identify a periodic orbit with the invariant measure supported on the periodic orbit.
The first two results, lemma 1.1 and Proposition 1.2 follow arguments by X. Bressaud and A. Quas [5] .
Let A ∈ {0, 1} M ×M be a M × M matrix of with entries in {0, 1}. The subshift of finite type Σ A associated to A is the set Proof: Let k + 1 be the period of the shortest periodic orbit in Σ A . We claim that a word of length k in Σ A is determined by the set of symbols that it contains. First note that since there are no periodic orbits of period k or less, any allowed k-word must contain k distinct symbols. Now suppose that u and v are two distinct words of length k in Σ A containing the same symbols. Then, since the words are different, there is a consecutive pair of symbols, say a and b, in v which occur in the opposite order (not necessarily consecutively) in u.
Then the infinite concatenation of the segment of u starting at b and ending at a gives a word in Σ A of period at most k.
It follows that there are at most M k words of length k. Using the basic properties of topological entropy
Taking kth roots, we see that k ≤ M e 1−h .
We say that a curve γ : R → M is static for a Tonelli Lagrangian L if
equivalently (cf. Mañé [18, pp. 142-143] ), if γ is semistatic and
The Aubry set is defined as
its elements are called static vectors.
Let M L (T ) be the set of invariant measures for L which are supported on a periodic orbit with period
Proof: Let T > 0 and let δ > 0 be smaller than a expansivity constant for
where B(θ, 2T, δ) is the dynamic ball
and no proper subset of G satisfies (2) . Let Σ ⊂ G Z be the bi-infinite subshift of finite type with symbols in G and matrix A ∈ {0, 1} G×G defined by
Let S N be a maximal (2N T, δ)-separated set in A(L). Given θ ∈ S N let I(θ) be an itinerary in Σ corresponding to θ, i.e. ϕ 2nT (θ) ∈ B(I(θ) n , 2T, δ) for all n ∈ Z. If θ, ϑ ∈ S N are different points, then there are 0 ≤ n < N and s ∈ [0, 2T [ such that d(ϕ 2nT +s (θ), ϕ 2nT +s (ϑ)) > δ. Thus I(θ) n = I(ϑ) n , i.e. I(θ), I(ϑ) belong to different N -cylinders in Σ. Therefore
Since δ is smaller than an expansivity constant for A(L), its topological entropy can be calculated using (n, δ)-separated (or (n, δ)-spanning) sets,
There is K T with sub-exponential growth in T such that #G ≤ K T e 2T h . Then Lemma 1.1
gives a periodic orbit Θ in Σ with
Thus (u i ) i∈Z is actually a δCλ T -pseudo-orbit.
The Shadowing Lemma asserts that there are δ 0 > 0 and Q > 0 such that if 0 < β < δ 0 then any β-pseudo-orbit in a small neighbourhood of A(L) can be ε-shadowed with ε = Qβ (e.g. the estimate appears in Hasselblatt-Katok [17, Theorem 6.4.15] ).
Now apply the shadowing lemma to the periodic orbit Θ ∈ Σ obtained above. It has
If µ ξ is the invariant measure supported on the periodic orbit, we have that lim sup
1.3. Corollary: Suppose that the Aubry set A(L) is hyperbolic. There is a sequence of periodic orbits µ n with periods T n and m m ∈ N + such that for any 0 < β < 1 and
Proof: Observe that it is enough to prove the Lemma for k = 1. By Proposition 1.2 there is a sequence of periodic orbits µ n with periods T n such that for any
we have that r −1 n log T n → 0. Define m n := 1 2 r n , then m −1 n log T n → 0 and
1.4. Lemma: Let a 1 , . . . , a n be non-negative real numbers, and let
where we use the convention 0 log 0 = 0.
Proof: Applying Jensen's inequality to the concave function x → −x log x yields
from which the result follows.
Let M(L) be the set of Borel probabilities in T M invariant under the Lagrangian flow.
Lemma:
Let L 0 be a Tonelli Lagrangian and e > c(L 0 ).
Proof: From Bernard [2] after Fathi and Siconolfi [15] we know that there is a critical subsolution u of the Hamilton-Jacobi equation, i.e.
for the Hamiltonian H of L, which is C 1 with Lipschitz derivatives. Let
By Birkhoff ergodic theorem every invariant measure is closed:
Denote by M min (L) the set of minimizing measures for the Lagrangian L, i.e.
Their name is justified (cf. Mañé [18, Theorem II]) by
Fathi and Siconolfi [15, Theorem 1.6] prove the second equality in (7) where the set of closed measures is defined by
denote by h(L, µ) the entropy of µ under the Lagrangian flow ϕ t .
Proof of Theorem E:
It is enough to prove that for every γ > 0 the set E γ is open and dense in H k (L).
Step
and one can construct a fixed symbolic dynamic space which contains the lifts of
And the map φ → c(L + φ) is continuous with respect to φ sup (cf. [13, same proof as
we obtain that the limit ν ∈ M min (L + φ).
All the measures ν n lift to the same symbolic dynamic space. This is a suspension of a fixed shift of finite type F : X → X, with return time τ φ depending on φ. To every ν n one can associate an F -invariant probability measure µ n and the map ν n → µ n is continuous. Since the symbolic map F is expansive, the entropy map µ → h µ (F ) is upper semi-continuous (cf. Bowen [3] or Walters [24, Thm. 8.2] ). Thus h µ (F ) ≥ lim sup n h µn (F ), where µ = lim n µ n . The relation between the entropies of ν n and µ n is given by Abramov formula [1] , which is continuous on φ n :
This implies that
Step 2. We have to prove that E γ intersects any non-empty open set in
To simplify the notation we assume that φ 0 = 0.
By the upper semicontinuity of the Mañé set (see Contreras-Paternain [13, Lemma 5.2]) we can assume that U is so small that for any φ ∈ U the Mañé set N (L + φ) ⊂ V and it is hyperbolic and also ε 0 is an expansivity constant for the Lagrangian flow ϕ L+φ of L + φ in U . Write
The sets N (L + φ) and Λ 0 may not be locally maximal hyperbolic sets, but Fisher [16, Th. 1.5] proves that there is a hyperbolic set Λ 0 ⊂ Λ ⊂ U that has a Markov partition. By the shadowing lemma (structural stability), we can assume that U is such that for any φ ∈ U there is a hyperbolic set
which has the same symbolic dynamics as Λ(L).
In the case of flows (cf. Bowen [4] , Ratner [22] ), Markov partitions are "dynamic rectangles" sitting in a collection N of codimension 1 submanifolds transversal to the flow, satisfying the Markov property. Let P be a Markov partition with small diameter and X := ∪P Using the Shadowing Lemma (the structural stability of Λ) there are corresponding Markov partitions P φ for the flow of the lagrangian L + φ on the continuation Λ φ of Λ. With abuse of notation we write P = P φ and assume that the estimates below are understood to hold for all φ ∈ U.
Let F = F φ : X ∩ Λ φ ← be the first return map and τ = τ φ : X ∩ Λ φ →]0, +∞[ the first return time. Choose a, b such that for any φ ∈ U,
Observe that the return map F may be discontinuous in X ∩ Λ. This is due to the fact that Λ may not have a global smooth transversal section.
Choose U and ε 0 small enough that ε 0 is an expansivity constant for F φ (and hence also for ϕ L+φ ) for all φ ∈ U on U . Choose the Markov Partition with diameters diam P φ < ε 0 . Write
Figure 1. This figure illustrates the claim in (9) . The big square is an atom A i of P and the shadowed vertical strips are the atoms of P (m) which are inside an element
The white vertical strips are other atoms of P (m) in A i . The circle represents a dynamic ball as in (10) or a metric ball V as in (11) . If diam P is small enough, the atoms of P (m) in the shadowed region A i ∩ F −(m−1) (A j ) have disjoint closures. In this picture, if the ball V intersects two shadowed strips then its image F (m−1) (V ) would have to cross at least three atoms of P which would make V (and δ) too large.
The Markov Partition P can be chosen with diameter small enough such that the following holds: there is
Using b from (8) and δ from (9), choose β > 0 such that
Since the diameter of the partition P is smaller than the expansivity constant for F on Λ ∩ X, the metric entropy is attained at the partition P (cf.
Observe that by the structural stability the maps F φ are all conjugate for φ ∈ U. In particular the topological entropy h top (F φ ) does not depend on φ ∈ U so it makes sense to write h top (F ).
Let m n , T n , µ n be given by Corollary 1.3 for L 0 . Let Γ n := supp µ n .
Claim 1:
Proof of the Claim: From the definition of topological entropy using open covers (c.f.
Let N 1 γ > 0 be large enough that for n > N 1
we shall prove that then h(µ) < 2γ a h top (F ). Let ν be the F -invariant measure on X induced by µ, i.e.
Using Lemma 1.4,
We now estimate #W n . If A ∈ W n then there is θ ∈ Γ n such that B(θ, β mn ) ∩ A = ∅. By (11) we have that V (θ, S m τ (θ), δ) ∩ A = ∅. If we fix θ ∈ Γ n ∩ X, by the condition after (9) for δ, any B ij ∈ P ∨ F −(mn−1) (P) contains at most one element A ∈ P (m) with A ∩ B(θ, β m ) = ∅. Therefore, using a from (8),
Using (12), from (13) and (14), we have
This proves the claim.
Denote the action of a
The following Crossing Lemma is extracted for Mather [19] with the observation that the estimates can be taken uniform on U. 
Proof of Claim 2: Let K > 0 be such that
Write L := L 0 + φ and α(t) = πϕ t (ϑ), γ(t) = πϕ t (θ), t ∈ [−ε, ε]. By (16) we can apply Lemma 1.6 and obtain a, c :
Consider the curve x = a * ϕ [ε,Tn−ε] (θ) * c joining α(−ε) to α(ε). We have that
By the choice of m n , T n , µ n from Corollary 1.3 and using Lemma 1.5 applied to L = L 0 , we have that for any ρ > 0,
In Corollary 1.3 the estimate holds with the same sequence µ n for any k ∈ N + . Thus, choosing k, ρ such that k − ρ ≥ 2, if n is large enough, from (18) and (19), we get
This contradicts (17) and proves Claim 2.
Fix L 0 ∈ L + U and construct m n , T n , µ n for L 0 from Corollary 1.3 as above. By Whitney Extension Theorem [23, p. 176 ch. VI §2.3] there is A > 0 and functions
and f n C k ≤ A. Take ε > 0 such that φ n := εf n ∈ U.
Write L n := L 0 + φ n . Observe that Γ n is also a periodic orbit for L n . Suppose that φ n / ∈ E γ with γ = 2γ a h top (F ). Then there is a minimizing measure ν n ∈ M min (L n ) with h(ν n ) > 2γ a h top (F ). By Claim 1 and Claim 2 we have that
Observe that µ n is also an invariant probability for L = L 0 + φ n . From Lemma 1.5 and Corollary 1.3 applied to L 0 , we have that
Inequalities (21) and (20) imply that for n large enough ν n is not minimizing, contradicting the choice of ν n . Therefore φ n ∈ E γ ∩ U for n large enough.
Hyperbolic Aubry sets can be closed.
In this section we prove Theorem A. Throughout the section we assume that L is a Tonelli lagrangian with Aubry set A(L) hyperbolic.
A dominated function for L is a function u : M → R such that for any γ : [0, T ] → M absolutely continuous and 0 ≤ s < t ≤ T we have
We say that the curve γ calibrates u if the equality holds in (22) for every 0 ≤ s < t ≤ T . The definition of the Hamiltonian H associated to L implies that any
is dominated.
Lemma:
There is
M jumps and (y,ẏ) is the periodic orbit with energy c(L) which ε-shadows {(
Proof: By the shadowing lemma, there is a smooth reparametrization c(t), with |1−ċ| ≤ ε such that
Moreover, there are C > 0 and 0 < λ < 1 such that
Let z(t) := y(c(t)).
By adding a constant we can assume that c(L) = 0. On local charts we have that
Using that x k is an Euler-Lagrange solution we obtain that
Let u be a dominated function. Then u is necessarily calibrated on static curves. From Fathi's estimate on the differentiability of dominated functions (Fathi [14] 
Let w be reparametrization of z which minimizes the action. Write
where E = ∂ v L · v − L is the energy function. Since the derivative in (25) is zero for all h, we get that
Thus w is the reparametrization of z with energy c(L). Therefore w = y, and hence
2.2. Lemma: Given a Tonelli lagrangian L 0 a compact subset E ⊂ T M and ε > 0 there are K > 0 and δ 0 > 0 such that for any Tonelli lagrangian L with (L − L 0 )| E C 2 < ε, and any T > 0:
, and for ξ = z, w 1 , w 2 we have
Proof:
(a) We use a coordinate system on a tubular neighbourhood of x([0, T ]) with a bound in the C 2 norm independent of T and ofẋ(0). In case x has self-intersections or short returns the coordinate system is an immersion. We have that
here O(ρ 2 ) ≤ K ρ 2 where K depends on the second derivatives of L on the compact E and hence it can be taken uniform on a C 2 neighbourhood of L. Since x satisfies the Euler-Lagrange equation for L,
This implies (26).
Adding these inequalities we get
The remaining inequality is obtained similarly.
The following proposition has its origin in Yuan and Hunt [25] , the present proof uses some arguments by Quas and Siefken [21] .
Proposition:
Let M ∈ N + . Suppose that for any δ > 0 there is a periodic δ-pseudo is hyperbolic and contains N (L + φ), and 0 is an expansivity constant for Λ(φ). We can assume that in the statement of the proposition ε < ε 1 .
Choose δ and a pseudo-orbit with γ δ < 0 and δ γ δ so small that there is
where B is from Lemma 2.1 and K is from Lemma 2.2.
Let Γ be the periodic orbit with energy c(L) which Qδ-shadows the pseudo-orbit and let µ Γ be the L-invariant probability measure supported on Γ. If δ γ δ is small enough we have that inf
In particular Γ is a deformation retract of its tubular neighbourhood of radius
Observe that Γ is also a periodic orbit for L + φ. By Lemma 2.1 we have that
where T is the period of Γ. Since we can assume that A(L) has no periodic orbits, if δ is small enough (34) T ≥ 1.
We will prove that any semistatic curve 
By (32), (33), (30) and (34), we have that
From (32), (33), (28) and (35), we have that
Therefore, using (27),
In local coordinates about π(Γ) define
By Lemma 2.2(b) we have that
Since the pairs of segments
} and { w 1 , w 2 } have the same collections of endpoints Since
From (37), (38) and (39) we get
Adding inequality (36) and using (31) we obtain a lower bound independent of k:
Since the action
is finite, there must be at most finitely many T k 's.
Proof of Theorem A:
By Theorem C(a) in [13] the set
Since any invariant probability in the Aubry set is minimizing (c.f. Theorem IV in Mañé [18] , and in [8] ), for φ ∈ G k 2 the set A(L 0 + φ) = supp(µ) is uniquely ergodic.
Let E 0 be from Theorem E. We will prove that any φ ∈ E 0 ∩ G 2 2 can be C 2 approximated by a potential φ 1 for which A(L 0 + φ 1 ) contains a periodic orbit.
Fix φ ∈ E 0 ∩ G 2 2 . Suppose that φ can not be C 2 approximated by a potential φ 1 for which A(L 0 + φ 1 ) contains a periodic orbit. Write L = L 0 + φ. By Proposition 2.3 with M = 2 there is δ 0 > 0 and Q > 0 such that for any δ-pseudo-orbit in A(L) with at most 2 jumps { ϕ [T i ,T i+1 ] (θ i ) } i=1,2 with δ < δ 0 there is an approach d(ϕ s (θ i ), ϕ t (θ j )) < Q δ, with |s − t| ≥ 1. Let N 0 ∈ N be such that Q −N 0 < δ 0 .
1 The proof is the same for all 2 ≤ k ≤ ∞.
Given θ ∈ A(L) let Σ(θ) be a small codimension 1 submanifold of T M transversal to ϕ L containing θ. Given N > N 0 let t 1 (θ) < t 2 (θ) < · · · be all the Q −N returns to θ in Σ of the orbit of ϑ, i.e.
{ t 1 (θ), t 2 (θ), . . . } = { t > 0 | ϕ t (ϑ) ∈ Σ, d(ϕ t (ϑ), θ) < Q −N }.
We need the following result which has the same proof as Proposition 3.1 in [7] .
2.5. Proposition: For any θ ∈ A(L) and ≥ 1, t N +1 (θ) − t N (θ) ≥ √ 2 N −N 0 −1 .
We continue the proof using Proposition 2. Taking the limit when T → +∞ and using (42),
This contradicts the choice of φ ∈ E 0 .
